APPLICABLE ANALYSIS AND DISCRETE MATHEMATICS, 1 (2007), 427-437.
Available electronically at http://pefmath.etf.bg.ac.yu

THE CONJUGATE FORMAL PRODUCT
OF A GRAPH

Mirko Lepovic

Let G be a simple graph of order n and let V(G) be its vertex set. Let
¢ = a+bym and ¢ = a — by/m, where a and b are two nonzero integers
and m is a positive integer such that m is not a perfect square. We say that
A° = [ci5] is the conjugate adjacency matrix of the graph G if ¢;; = ¢ for
any two adjacent vertices ¢ and j, ¢;; = ¢ for any two nonadjacent vertices
i and j, and ¢;; = 0 if i = j. Let P&(\) = |A] — A°| denote the conjugate
characteristic polynomial of G and let [Afj] = {\ — A°}, where {M} denotes
the adjoint matrix of a square matrix M. For any two subsets X,Y C V(G)
define (X,Y)¢= % > Af;. The expression (X,Y)° is called the conjugate
iEX jEY
formal product of the sets X and Y, associated with the graph G. Using the
conjugate formal product we continue our previous investigations of some

properties of the conjugate characteristic polynomial of G.

1. INTRODUCTION

Let G be a simple graph of order n and let V(G) be its vertex set. The
spectrum of the graph G counsists of the eigenvalues \y > Ay > -+ > A, of its (0,1)
adjacency matrix A = A(G) and is denoted by o(G). The SEIDEL spectrum of G
consists of the eigenvalues \j > A5 > --- > X\¥ of its (0,—1,1) adjacency matrix
A* = A*(G) and is denoted by 0*(G). Let Pa(A\) = |A — Al and P& (X)) = |A— A¥|
denote the characteristic polynomial and the SEIDEL characteristic polynomial,
respectively. Let ¢ = a + by/m and € = a — by/m where a and b are two nonzero
integers and m is a positive integer such that m is not a perfect square. We
say that A° = [¢;;] is the conjugate adjacency matrix of G if ¢;; = ¢ for any
two adjacent vertices ¢ and j, ¢;; = ¢ for any two nonadjacent vertices 7 and j,
and ¢;; = 0 if i = j. The conjugate spectrum of G is the set of the eigenvalues
Af > A5 > - > XS of its conjugate adjacency matrix A° = A°(G) and is denoted
by 0¢(G). Let P&(A) = |A — A°| denote the conjugate characteristic polynomial
of G.
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The concept of conjugate adjacency matrices has been defined in [7]. In that
paper we have proved some elementary results related to the conjugate characteris-
tic polynomial. In particular, we have proved the following results (i) the conjugate
characteristic polynomial of its complement G can be determined by the conjugate
characteristic polynomial of Gj (ii) the characteristic polynomial of G with respect
to the ordinary adjacency matrix can be determined by its conjugate characteristic
polynomial; (iii) the conjugate characteristic polynomial of G is uniquely deter-
mined by the conjugate characteristic polynomials of its vertex-deleted subgraphs.

In this work, in order to provide more information on conjugate characteristic
polynomial, we define the conjugate formal product associated with the graph G,
as follows.

2. THE CONJUGATE FORMAL PRODUCT

For a square matrix M denote by {M} the adjoint of M and for any two

subsets X,Y C V(G) define (X,Y) = >~ > Ajj, where [Ay;] = {A — A} Ac-
i€EX jEY
cording to [3], the expression (X,Y) is called the formal product of the sets X and
Y, associated with a graph G. In this work (X,Y)¢ = > >  Af is called the
i€EX jEY

conjugate formal product of the sets X and Y, associated Witﬁ the graph G, where
[Af] = {M — A}

For any two disjoint subsets X,Y C V(G) let X +Y denote the union of
X and Y. We note that (X +Y,2)° = (X, Z)° + (Y, Z)° for any Z C V(G) and
(X,Y)e = (Y, X)° for any (not necessarily disjoint) X,Y C V(G).

Further, let S be any (possibly empty) subset of the vertex set V(G) and let
G be the graph obtained from the graph G by adding a new vertex z (z € V(G)),
which is adjacent exactly to the vertices from S. According to [3],

(1) Pas(A) = APa(A) = (S, 5) .

Using the method applied in [3] for getting relation (1), one can easily see
that the conjugate characteristic polynomial of Gg is

(2) P& (N) = APS(N) — 2 (S, 8)° — 2% (T, T)° — 2c2(S, T)",

where T =V (G) \ S.

Let G be an arbitrary connected graph of order n. We say that two vertices
x,y € V(G) are equivalent and write  ~ y if  is non-adjacent to y, and z and y
have the same neighbors in G. Relation ~ is an equivalence relation on the vertex
set V(G). The corresponding quotient graph is denoted by G and is called the
canonical graph of G.

Let G be the canonical graph of G, |é| =k, and Ny, N, ..., Ni be the cor-
responding sets of equivalent vertices of G. Then we write G = é(nl, N2y vy M)y
where |N;| =n; (i = 1,2,...,k), understanding that G is a labelled graph.
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It was proved in [9] that the characteristic polynomial P (A) of the graph G
takes the form

A -
— —ai2 — a1k
ni
N A N
— @21 — — Ak
—k
(3) Poc(A)=mn1-ng-...-np A" n2 ,
- A
— Q1 — g2 —
N

where A = [@i;] is the adjacency matrix of the canonical graph G.

Using the same method as in [9] for obtaining relation (3), we can easily see
that the conjugate characteristic polynomial P§(\) of the graph G is

)\—(nl—l)E —’nlélg —nlélk
4) PEN) =+ * —naly A= (ng—1)c - — ng Cop
G = c )
— Nk Cr1 — Nk Ck2 )\f(nkfl)é

where A¢ = [¢i;] is the conjugate adjacency matrix of the canonical graph G.

Let G be any (not necessary canonical) graph of order n. Let Gy, 4y, 1,
be the overgraph of G obtained by adding new vertices x1,xs,...,x equivalent
to a vertex i of G, say i = 1, so that the vertices x1,xs,...,xx, 1 are mutually
non-adjacent and have the same neighbors in G. In view of (4), applying the
same method as in [9] for deriving relation (3), we can see that the conjugate

characteristic polynomial of Gy, 4,.... ., IS

A — ke 7(k+1)612 7(l€+1)61n
c —\k —C21 A — C2n
6) B =00t | S -,
— Cp1 — Cp2 A

where A° = [¢;;] is the conjugate adjacency matrix of the graph G.

Let S be any subset of V(G) and let Gag be the overgraph of G obtained by
adding two new non-adjacent vertices x,y which are both adjacent to the vertices
from S. We note that Gog is obtained from Gg by adding a new vertex y which is
equivalent to z € V(Gg). Thus, using (1) we have

P&, (A) = AP, (\) — ¢ (S,9)° — e (T,T)° — 2¢¢ (S, T)°,

where (X,Y)¢ is the conjugate formal product associated with Gg.
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Proposition 1. The conjugate characteristic polynomial Pg,, (M) of the graph Gag
reads

P&, (A) =(A+2)(A—2)P&(N) — 2¢2 (S, 8)¢ — 2e% (T, T)° — 4cc (S, 7)),

where (X,Y)¢ is the conjugate formal product associated with the graph G.

Proof. Without loss of generality we may assume that S = {1,2,...,:}. Using
(5), we get

A ... _cl'L .. _cln —c

—ci by — Cin —c
PE, () = (A+7)

— Cn1 — Cni )\ —C

—2% - =2 - —2% A-%¢

Using the method which is applied in [3] for getting (1), by a straight-forward
calculation we obtain the required statement. (I

Let S be any subset of V(G) and let Gjs be the overgraph of G obtained by
adding k£ mutually non-adjacent vertices 1, o, ..., Tk, all adjacent exactly to the
vertices in S.

Corollary 1. The conjugate characteristic polynomial P¢, (M) of the graph Gis
reads

P& (N =AM+2)" (A= (k—1)2)P&E(N) — k[S, S]°),

where [S, 8] = (S, S)¢ + (T, T)¢ + 2c¢ (S, T)°.
Using (2) we find that [S,S]° = AP&(A) — P&, (). Finally, according to
Corollary 1 we obtain the following result.

Proposition 2. The conjugate characteristic polynomial P¢, (M) of the graph Gy
reads

Pg () = A +2) 71 (kP (V) = (k= (A +2)P&(V))
for any S CV(G) and any k € N.

Corollary 2. If Gs, and Gg, are two conjugate cospectral graphs then Gis, and
Grs, are also conjugate cospectral for any k € N.

Let AF = [agf)] for any non-negative integer k. The number W}, of all walks of

length & in G equals sum A, where sum M is the sum of all elements in a matrix
M. According to [1], the generating function Wg(t) of the numbers Wy, of length
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—+oo
k in the graph G is defined by Wg(t) = Y. Witk. Besides [1]

k=0
1| D P (= #)
Po(—)

— +oo
where G denotes the complement of G. The function W& (t) = > WEtF is called
k=0

the conjugate generating function [7], where W¢ = sum (A4°)* and (4%)* = [cif)]
According to [7],

| (be/ﬁ—(?—b\/ﬁ)t) 1

(7) WG(t):_(afb\/ﬁ)t

(2bym)" Po( )

Therefore, making use of (6) and (7), by an easy calculation we obtain the
following relation

®)  Pe(2bymA—2) = (2bvm)" " (cPa(A) — (~1)" P (A — 1)) .

Proposition 3 (LEpoVIC [4]). Let G be a graph of order n and let S C V(G).
Then

(9) Pas(A) = Par(A) = (1) (Pgz (=X = 1) = Pe (=2 = 1)) ,
where T =V (G) \ S.
Proposition 4. Let G be a graph of order n and let S C V(G). Then

PGe(N) = Pe, () = (=1)" (Pg

e (=A—=2a) = Pe—(-A— 2a)),

Gr

where T =V (G)\ S.

Proof. First, applying (8) to Gs and Gr and using (9), by a straight-forward
calculation we find that

P& (2bym A —¢) — P& (2by/mA —¢) = 2a(2bym)" (Pas(N) — Par (V).

Applying the last relation to G and Gr and making use of (9), we easily
obtain the statement. O

Definition 1 (LEPOVIC [5]). A graph G of order n is called spectral complementary,

if
(10) PG(\) = Pg(\) = (-1)" (Pa(-A = 1) = P5(-A — 1))
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Some elementary results of the spectral complementary graphs have been
proved in [5] and [6]. Among other things, we proved (i) GUG is spectral comple-
mentary for any G; (ii) there is no spectral complementary graph of order 4k + 3
for any non-negative integer k; (iii) G is spectral complementary if and only if its
SEIDEL spectrum o*(G) is symmetric with respect to the zero point. In this work,
combining (8) and (10) we obtain the following result.

Proposition 5. Let G be a graph of order n. Then G is spectral complementary
if and only if

PE(N) — PS(Y) = (—1)" (P§(~A — 2a) — PS(~A — 2a)) .

G G
+oo
Further, let [IW&(t)] = Y (A°)* t*. Tt is clear that W&(¢) = sum [W5(t)]. In
view of this we find that [Wék_to] = |I —tA|~' - {I — tA°}, which results in
R |
)\n T Af = ZCU e

where [Af] = {A — A°}. Consequently, for any two sets X, Y C V(G) the following
relations is obtained

XYy =33 AG =

i€EX jEY i€X jey

SN ] L

k=0 -ieX jeY
_ PN e (1
=T Sxy (X) '
Proposition 6. Let X,Y be any two subsets of the vertex set V(G). Then

vy =TE g (2,

S k]

k=0

(oo}
where § y (t) = 4_2: cptt and e = Y. 2 cl(f) (k=0,1,2,...).
k=0 i€EX jEY

The function §% y(¢) is called the formal conjugate generating function, as-
sociated with the graph G. In particular, for Y = X we denote the corresponding
formal conjugate generating function §% y () by §%(¢).

Let i be a fixed vertex from the vertex set V(G) and let G; = G \ i be its
corresponding vertex deleted subgraph.

Proposition 7. Let G be a graph of order n. Then for any vertex deleted subgraph
G; we have

. PE(A) X P
(1) pe () = TEN S
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Proof. We note that Af; = Pg,()\) for i = 1,2,...,n. Using Proposition 6 we
obtain the proof. O

We note also that §%. (t) = W&(t) if S® = V(G). Using this fact and using
the following relation [7]

) 2at + 1
] 1 (_1)71]3% (_ t )
(12) WE(t) = 2at 7 -1,
P&(—)

we arrive at

Proposition 8. Let G be a graph of order n and let G* = Gge, where S* =V (QG).
Then
c? c?

- ) PE(N) = (=1)" 3 P& (A —2a).

(13) P(N) = (A +
Proof. Using (2) we get P&.(\) = AP&(A) — ¢?(S°®, 5*)¢. Using (12) and Proposi-
tion 6 we obtain the statement. (]

Proposition 9. Let G be a graph of order n and let G4 = Gg,, where Se = (.
Then

E2 =2

(14) P5.(\) = ()\+ %) PE(N) — (_1)"%1%(4_2@).

Proof. Using (2) we get P& (A\) = AP&(A) —¢*(S*®,5°)¢. Using (12) and Propo-
sition 6 we obtain the statement. (]

Next, replacing A\ with = + y/m the conjugate characteristic polynomial
P& (M) can be transformed into the form

(15) PCC;(I"F?J\/E):Qn(xay)'i_\/%Rn(may%

where Qn(z,y) and R, (z,y) are two polynomials of order n in variables = and y,
whose coefficients are integers. Besides, according to [7]

(16) Pé(zfy\/%) :Qn(fﬂ,y)*\/ERn(fE,y)

We demonstrated in [8] that the characteristic polynomial and the SEIDEL
characteristic polynomial of G can be expressed by polynomials @,(—a,A) and
R, (—a,\). We shall now determine the corresponding polynomials Q. (z,y) and
R, (z,y) for G* and G,.
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Proposition 10. Let Pi(z +yym ) = Qu(z,y) + vVm Ry (x,y). Then we have:

(17) Q'Ezk—i)-l(x’y) = % (Qn(xay) - (_1)n Qn(_x - 2a7y))

+mb (Ry(z,y) + (—1)" Ru(—2 — 2a,7))
+ 2 Qn(z,y) + myRn(z,y);

a8) R = T2 (Rufwy) + (1) Bl —20,))

£ 5(Qule9) — (—1)" Qu(— — 20,9))
+xRy(x,y) +yQn(z,y),

where Q,H_l(ac y) and Rgﬁl(x, y) for k = 1,2 are related to G* and G, respectively.
The symbol '+’ is related to "+’ if k =1 and '+’ is related to "=’ if k = 2.

Proof Applying (13) and (14) to G* and G, and to their complements G4 and
G°, and making use of (15) and (16), we arrive at (17) and (18). O

Corollary 3. Let P&(x +yv/m) = Qn(z,y) + vVm Ry (z,y). Then we have:
o Qﬁﬁl( yA) = —aQn(—a,\) +m(A£2b) Ry(—a, \) if n is even;

b2
o Qizkll( a, ):m—Qn( a7>‘)+m>‘Rn(70’a>‘)
if n is odd.

Corollary 4. Let PS(x + yv/m) = Qn(z,y) + vVm Ry (z,y). Then we have:
o R™ (—a,)) = (A£2b)Qu(—a,\) — aRy(—a,\) if n is odd;
2

b
o RM (—a,\) = AQu(—a,\) + mT Ro(—a,)\)

if n is even.

3. THE CONJUGATE ANGLE MATRIX

Let p§ > p§ > --- > puf, be the distinct conjugate eigenvalues of a graph G
of order n and let E4c(1§) denote the eigenspace of the conjugate eigenvalue pf.
Let {e1,eq,...,e,} be the standard orthonormal basis of R” and let P§ denote the
orthogonal projection of the space R™ onto €4 (us).

Definition 2. The numbers ||Pfe;|| = cosf; (i = 1,2,...,m; j =1,2,...,n),
where [3i; is the angle between Eae (1§) and ej, are called the conjugate angles of
G. The m x n matriz A° = [PSe;] is called the conjugate angle matriz of G. The
(i,7)-entry of A is ||PSe;]|.

The conjugate angle matrix A° is an algebraic (graph) invariant, provided
that its columns are ordered lexicographically.
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n
Using the same arguments as in [2], we have (i) Y 77 = dim Eae (), where
j=1

Yij = COS

m
s (ii) 2:1%2] = 1. Besides, using the spectral decomposition of A¢, the
=

following relation is obtained

(19) =Sk (k=0,1,2,...).

j=1

m m
We note from (19) that Y pu$~% = 0 and Y (u$)? 75 = dic® + ((n — 1) — d;) ¢2,
j=1 j=1

where d; denotes the degree of the vertex i. Moreover, from (11) and (19) we find
the next result.

Proposition 11. Let G be a graph of order n. Then for any vertex deleted subgraph
G; we have

Yji

2
J
_c’
Hj

P& = P50 Y 5

Proposition 12 (LEPOVIC [7]). If G and H are two conjugate cospectral graphs
then their complementary graphs G and H are also conjugate cospectral.

Corollary 5. If vk, = ykj for k=1,2,...,m then 0°(G;) = 0¢(G;) and 0°(G;) =
o°(Gj).

Finally, using the conjugate formal product and conjugate formal generating
functions, we shall determine the conjugate characteristic polynomial of the graph
(Ky,)s, where K, is the complete graph on n vertices and S C V(K,,). First, we
note from (2) and Proposition 6 that

(20) Pe.0) = PE A - 1 8% (5]

where §fg () = A FG(t) + T F5(t) + 262 TG (1)

Proposition 13. For S C V(K,) let s = |S| and r = s5c®> + (n — s)¢€2. Then
Pl ys(A) = A+ )" 2 A(N), where

AN =X —n—-2)eX = (r+(n-1)c)A—(r—s(n—s)(c—2))c.

Proof. Since K, is a regular graph of degree n — 1, we obtain that Wf = n(n —
DFck. Let ay = CY;) and G = cg) (k=0,1,2,...). It is clear that cgf) = ay
(i = 1,2,...,n) and cgf) = B (i # j). Consequently, we get n(n — 1)¥cF =
nay + (n? —n)B. Since oy, = (n — 1) ¢ Bx_1, the expressions for
(n—=1)*+(=1)"n - 1)} K (n=D*+ (="',

c® and [ = c
n n

aE =
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can be obtained by solving the linear recursions
Be=m—-1)"1c" —cBp 1 and o =(n—1)cfr

with ag = 1 and Gy = 0.
Since ¢, = > > cl(f) and |S| = s, we have ¢ = say + (s? — 5)Bk. In view
i€s jes
of this we get
2(n—1F + (=1)F 12+ (=1)*sny

C = c,
n

which results in

52 82 S

(21) SO = Ao nixd TTxa

Similarly, we obtain

(n —s)? (n—s)? n-—s

(22) St = A= oD@ nite) 1t

Now, denote by ex the corresponding coefficients of the function SCST(t)

Since ey = s(n — $)0, we arrive at
s(n —s) N s? s
1—(n—1)ct) n(l+ct) 1+ct’

Fr(t) = o7

From (21), (22) and the last relation, by an easy calculation we obtain that
the corresponding function 3[‘5] (t) reads

(r—sn—s)(c—2)*)ct+r
(1= (n—1)ct)(1+ ct)

Sis(t) =

Finally, using that P (A) = (A4 ¢)" (A — (n — 1)c) and using (20), we
obtain the statement. O
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